1

heat of vaporization, joules/g.

density, g./cc.

surface tension, dynes/cm.

pressure, microns of mercury

magnetic susceptibility, ergs/(gauss®) (g.)
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® Qo >

ubscripts

liquid

under reference conditions
vapor
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Thermodynamic Consistency Tests for

Solid-Liquid Equilibria

HAROLD R. NULL

Monsanto Company, St. Louis, Missouri

The technique of testing the validity of phase equilibria by applying thermodynamic con-
sistency tests is highly developed for vapor-liquid equilibria. The application to solid-liquid
equilibria, however, has been developed very little. The problems associated with thermodynamic
consistency tests are discussed ond a new technique for evaluating the validity of experimental
data has been developed. Several possible test equations are presented and are applied to

test the consistency of three sets of solid-liquid equilibrium dota.

The use of thermodynamic consistency tests to evaluate
the validity of experimental vapor-liquid equilibrium data
is widespread. However, such tests are rarely, if ever, used
for testing solid-liquid equilibria. The need for consistency
tests is even greater for the solid-liquid case, because of
the inherent difficulty in obtaining an equilibrium solid
phase solution. Annealing times of months at or near the

solidus temperature are sometimes required for equilibra-

tion of solid solutions.

The specific need for a thermodynamic consistency test
arises in data taken by McNeely (3). There is substantial
disagreement between data obtained by MocNeely and
those reported in the literature in the location of the sol-
idus curve for the InSh-GaSb system. When such dis-
crepancies arise in vapor-liquid equilibria, the usual pro-
cedure is to resolve the disagreement by testing the data
for consistency with one of the forms of the Gibbs-Duhem
equation. Usually one set of data will be thermodynami-
cally inconsistent and the conclusion drawn that the data
do not represent an equilibrium situation,

A search of the literature revealed no equivalent test of
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practical applicability for solid-liquid equilibria. The
prime difficulty is in the fact that in vapor-liquid equi-
libria the nature of the vapor phase is sufficiently known
that corresponding activities in the liquid phase can be
calculated. For solid-liquid equilibria, however, neither
phase is known to behave as an ideal solution in advance;
thus, the activities of the two phases are not readily cal-
culated. The purpose of this paper is to present a test for
thermodynamic consistency in solid-liquid equilibria that
surmounts this difficulty.

THEORY

The thermodynamic consistency tests for phase equi-
libria are generally based on the equation relating an in-
finitesimal change in free energy as

dF = — $:dT + V.dp + Sp.dn, (1)

combined with a recognition that the total free energy of
a system is given by F = Zu.n,; thus

dF = Eﬂidnl + Enidl‘ﬂi (2)
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Equations (1) and (2) combined give
En@d[.bg = - STdT + Vrdp

or when expressed as molar quantities

Sxidp, = — SdT + Vdp (3)
Activity coeflicients are generally defined as
i — g’ = RThyx, (4)
d(pi —p") = RTdInyx, -+ Rlnyx dT
or
(Sxdnyx,)dT + T Sxid(Inyx,) = — %?— dT + 1;5- dp

(5)
Equation (5) is further reduced by recognizing that
Sxidlng, = 2dx, = 0:

Su Vau
(Exiln-yix,)dT + T 2x1d(ln’)’¢) = _E—dT -+ po (6)

At this point in the development of vapor-liquid consist-
ency tests, constant temperature and pressure are com-
monly assumed in deriving the Gibbs-Duhem equations

Exs,d].n’y‘ = 0 (7)

These assumptions do not create much difficulty in the
interpretation of vapor-liquid equilibria, since in most
cases the data are isobaric, and, if there is a practical con-
cern over the effect of activity coefficients, the tempera-
ture range is small. Vapor-liquid consistency tests do exist
where the assumption of constant temperature is not used
(2, 4, 5), these generally being applied at high pressures
where the gas phase does not behave ideally.

In solid-liquid equilibria it is usually conceded that
pressure has little effect on phase diagrams in the range
of practical importance; but the temperature range be-
tween melting points is often quite large. Thus, Equation
(7) cannot be used. Equation (5), with constant pressure
assumed, is valid

S
(Zxny)dT + Tsxd(lny,) = —ij‘_dr (8)
A similar equation exists for the liquid phase
S Id
(Sy.Inlyy,)dT + Tsy,d(lory) = — —Rj“-— dr  (9)

For vapor-liquid equilibria the liquid phase activity co-
efficient can be calculated from
w2/
Py
At low pressures I/ is unity, At higher pressures it can
be reasonably well estimated except near the critical point.
This represents an enormous simplification since the Gibbs
equation can be applied directly.

A similar equation to Equation (10) applies to solid-
liquid equilibria

s =

(10)

INY/E
Bix;

Y = (11)

The quantity 6, is related to the change in free energy
of the pure component as the solid temperature is raised
to the melting point, the solid melted, and the liquid
temperature is lowered to the system temperature. It is
defined by

RTn8, = AF,°

where AF,° is evaluated for the changes described. ¢; can
be calculated by the equation
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1 T
g, :exp m: AHH 1-— T.* )
4

+ ACc (T—' T;c —_ Tln TT’* )]}

if the heat of fusion AHy, is evaluated at the melting point
T.* and heat capacity difference between liquid and solid
phases AC, of the pure component i is assumed constant
(1). The difficulty in using Equation (11) and the Gibbs
equation is that neither I'; nor v, can generally be assumed
unity or readily calculated.

One further modification of Equations (8) and (9) is
possible, however, by evaluating the entropy of mixing as

SM=SR+SE

where S* is the regular solution entropy of mixing and S*
is the excess entropy of mixing. §” is known:

SF = — REx. lnx;

Thus '
(3x:Iny,)dT + Tsx.dlny, — (Sxdnx,)dT = _R dT, and
(Sydnry.)dT + TSy.dinT, — (Sydny,)dT = ’R dT
(12)
But, 3x;Inyx; = ZxIny, + Sxdnx; consequently
— s
Sxdny, dT + T3x.dlny, = 7 dar
or
_§*®
Sx.d(Thny,) = 7 dT
_ SE;
sy:d(Thor,) = 7 dT (13)

For a regular solution these become
sx.d(Tlny,) =0 (14)

For constant temperature, they become the familiar
Gibbs-Duhem equations

2x1,d1n’)" = 0
Eyidlnl‘i = 0

Although further development of these consistency
equations does not require a knowledge of the value of
either 7, or Ty, a knowledge of the form of the composition
variation of one of these quantities is essential. Although
equally valid consistency tests can be devised with other
forms, the development herein assumes a binary system
with the liquid phase obeying a Van Laar type of equa-

tion
B 2
o= A( 2 )
Ay1 + Byz

__1}y1__> (15)
Ay, + By.

Inr, = B (

Since most, although not all, liquid solutions can be

fitted to such equations if A and B are considered entirely

empirical, this assumption does not represent a great re-

striction. The use of these equations for the liquid phase

replaces the liquid phase equation of Equation (13). The
solid phase equation can be written

_QE
Ex‘d( Tin 2 ) =5 ar
f:x; R.

or
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Equation (17) becomes

2 (%) BT (y, — )

Y — §* But Sx.d(TInTy) = TSx.dnl, + (Sx]Inr)dT; therefore,
or

$x.d(TInr) + Sxed ( TIn z—) — Sxd(Thx,) =

Vi

J

3 dy‘
(16) (1 A%) ,
But + — 7 Y.
zxid(Tlnﬁh) = T2x¢dlnxa + (Exllnxi)dT A \
— (sxlox)dT B(_) {n+ —x2(2) Var
Thus J‘ B B Y:
y{, —_ SL + A 3
sxd(TIr,) + Exid( Tl 0‘) = ( — Exllnm) dr ( - __g_)
Equation (15) may be differentiated to give .
— 2A°B* = _" ( + xglnxl) daT
dioTy = —————— y.dy, (18)
(A + By " ¥ Yo
. 2Asz ——f xld( Tln '—‘) —‘f xgd( T]n > (21)
dlnr, = —————— y.dy, (18) 0
(Ay, + By) where the data are integrated over appropriate corre-
From Equation (18), after some simplification

sponding Hmits. Solving for B

f ( _ BSE + xlox, + xglnx2> T — f xd ( Tln i )_ {;x:d( T %) -
2(AY [ Llm) Af ( )

B A A i
oy ey
(1+BJ ys By,

Simplifications of Equation (22) are readily made by in-
corporating various assumptions. A few of these follow
(1) Regular solution in solid phase

J‘ (xunx, + x.lnx,) dT — f x;d( Tln 2~ ¥ ) f d ( Tl > Y- )

B= (23)
g2
AY T(y, —xy) A i:
(%)
B f(l+Ay1>" f( Ayl) ar
— 1 y.
B y. v 't Y
(2) Regular solution, symmetrical system in liquid
phase
J (xuInx, + xolnx.) T — f xd (Tln %—1) — f % ( T £ )
B= - e (24)
%+ % (
T(y.
o f Tlypmm) m dy+ | S
( L+ ) g (1 + &
,,2) 3
9 ( % )" B ( (3) Constant temperature
h— % 2
Sx,dinr, = iy - e dy, (19) f x.dln %i + f x.dln Ll
(§_+1) T & : (25)
Y. 2<A)'J (1 — x1) d
From Equation (15) B ¥

B Ay}
2 (1+__) yz:z
2(5) (= 5=(8) )

(4) Regular solid phase solution, ideal liquid solution
. (20)
A 1 ¥ 2
( s ) fxld(Tln——)-l-fxd(Tlny)—

September, 1965

Page 782 A.L.Ch.E. Journal



[ T vV 177 T L T

| o POINTS ARE SOLIDUS POINTS FROM
700 ——3%RD DATA ON PULLED CRYSTALS.

F CURVES ARE FROM WOOLLEY & SMITH,
PROC. PHYS. SOC. {LONDON), T2,
214 (1958)

F G
650 5>
- /}’y a 1

600 A / - jﬁ
L

L T T“ T

TEMPERATURE °C
T
N
L

- / souo B
550

e
500 P I B 1 L 1 1 - 1 1 1
100 90 80 70 60 50 40 30 20 10 ]
MOLE % InSb
o [[+] 20 30 40 50 60 70 80 90 100

MOLE % GaSb

Fig. 1. Phase diagram for InSb-GaSb system.

f (xdnx, + xlnx,) AT (26)

(5) Constant temperature, ideal liquid solution

fxldln gi +f xlenl;/: —0 (27)

Equations (23) through (27) are all equally valid in
terms of common logarithms, provided Equation (15) is
expressed in common logarithms. The integrations indi-
cated in Equations (22) through (27) may be made be-
tween any set of limits, providing, of course, that the
limits of all the integrals correspond as a set.

If the limits of integration are set across the entire com-
position range of a binary solution (that is from x, = 0
to x, = 1), some desirable modifications can be made
through integration by parts. In Equations (22), (23),
(24), and (26)

f::: x.d ( Th »Z—l) 4+ J;::l Xl ( Tin gi)
= f: Tln

204
I gk, (28)

¥

In Equations (25) and (27)
2y=1 X 7,1 ., 1 20,
J; L Xdln %— + .L _, %dn -g— = J; In yg dx, (29)
1‘ 1 v s Yiba

Equations (22) through (29) show that, unless one
may assume an ideal liquid phase solution, testing for

TasLE 1. EQuiLiBRIuM DaTA CALCULATED FROM
Sopium CARBONATE~-SODIUM SULFATE PHASE DIAGRAM
oF GITLESON AND MOTZFELDT

T (°C.) % Y 0, s T (°K.)
884 0. 0. 0.8889 1. 1,157
880 0.028 0.037 0.9042 0.9927 1,153
870 0.090 0.120 0.9461 0.9754 1,143
8§60 0.150 0.200 0.9907 0.9587 1,133
8§50 0.222 0 286 1.0382 0.9424 1,123
840 0.316 0.394 1.0885 0.9257 1,113
830 0.478 0.532 1.1416 0.9109 1,103
826 0.622 0.622 1.1640 0.9049 1,099
830 0.800 0.734 1.1416 0.9109 1,103
840 0.910 0.852 1.0885 0.9257 1,113
850 0.963 0.934 1.0382 0.9424 1,123
858 1. 1. 1. 0.9554 1,131
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Fig. 2. Consistency test for InSb-GaSb system.

thermodynamic consistency is not as straightforward as
in vapor-liquid equilibria. One does not obtain a simple
yes or no answer to the problem in any of the equations
except (26) and (27). What can be obtained is a locus of
corresponding values of A and B for which the y-x-T data
can be thermodynamically consistent. These values must
then be examined to determine whether they are compati-
ble with the type of liquidus obtained.

Two examples of the application of the foregoing ther-
modynamic consistency tests will now be described.

APPLICATION

The first application to be illustrated is the phase dia-
gram for the sodium sulfate-sodium carbonate system re-
ported by Gitleson and Motzfeldt (1). Values of heat of
fusion and Ac used in Equation (11) are

Component

Heat of fusion, Heat capacity

cal./g.-mole difference,
cal./(g.-mole)(°K.)
1. Sodium carbonate 7,300 —2
2. Sodium sulfate 5,670 + 4.5

Tabulated values of x, y, 4, and T are given in Table 1.
Inasmuch as the temperature range of the data is fairly
small (58°C.), it seems reasonable to test these data ac-
cording to Equation (27). The appropriate integrals were
evaluated graphically, and, in terms of an arbitrary plani-
meter count, are

f x.d log %1— = 0939

1

{ zdiog -yg— = —0.856

0.083

Considering the total absolute value of the areas meas-
ured, the net area 0.083 justifies the conclusion that these
data are consistent thermodynamically.

The data for this system give the simplest type of test,
although it should be noted that the system does form an
eutectic. Such straightforward applications of the con-
sistency tests are the exception rather than the rule.

The second system to be tested is InSb-GaSb, where
the data of Woolley and Smith (6) conflict with data of
McNeely. Figure 1 shows the phase diagram reported by

Net area =
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TasLE 2. EQuiLiBriuM DATA FOR INSB-GASB SysTEM

x1 (m.f. InSb)

Woolley &

T (°K.) McNeely Smith 0 6, 02
979 0.015 0.003 0.05 0.2568 1.006
930 0.070 0.070 0.409 0.3478 1.393
892 0.120 0.145 0.599 0.4503 1.837
849 0.253 0.373 0.791 0.6201 2.588

Woolley and Smith with the data of McNeely superim-
posed. Table 2 lists the x-y-T-9 data for the two sets of
points. Heats of fusion of 11.2 keal./g.-mole and 12 kcal./
g.-mole were used for InSb and GaSb, respectively. Since
heat capacity data were not available, Ac = 0 was as-
sumed for both components.

A test by Equation (26) was attempted first, but the
values for both sets of data gave strong negative tests.
With McNeely’s data, over the range of the data

f xld(Tlog%l-) = + 4.84°K.

.f x.d (T log %) = — 34.25°K.
Net = — 29.31°K.

J' (x,log x, + x2 log x.) dT = + 1.56°K.

These results merely indicate that the liquid phase cannot
be an ideal solution and be consistent with the phase data.

The data were then tested by Equation (23). The pro-
cedure was to assume a value for A/B, perform the indi-
cated integrations of the data to obtain B, from which a
corresponding value of A was then calculated. Base 10
logarithms were used. The values of A and B thus found
are given in Table 8.

Figure 1 shows the above data plotted as B vs. A. Also
shown in Figure 2 is a locus of B, A values that indicate
the formation of two liquid phases. Since the liquidus of
Figure 1 indicates a single liquid phase for all composi-
tions, only points lying in the one liquid phase region of
Figure 2 are valid. The A, B locus of McNeely’s data lies
partially within the one liquid phase region, whereas the
locus from the Woolley and Smith data does not.

The conclusion implied by this test is that, within the
limitations of the Van Laar form for the liquid phase,
McNeely’s data can be consistent with the assumption of
a regular solution in the solid phase, whereas those. of
Woolley and Smith cannot. Beyond this, no further con-
clusion can be reached without an independent estimation
of the entropy of mixing.

CONCLUSION

A set of thermodynamic consistency tests for solid-liquid
equilibrium in binary systems, based on reasonable as-
sumgtions regarding liquid phase behavior, has been de-
rived.

On application these tests have been shown to be useful
fin interpreting and choosing between sets of experimental

ata.

The tests require considerably more judgment in inter-
pretation than do corresponding tests for vapor-liquid
equilibria. If the nature of the liquid phase behavior were
as well known as is gas phase behavior, however, the tests
would be identical.

Page 784

A.1.Ch.E. Journal

TasLE 3. Loci oF A AND B FOR INSB-GASB SYSTEM

McNeely data Woolley and Smith data

A B A B
5.71 1.142 7.49 1.498
1.619 0.973 1.462 0.877
0.924 0.924 0.977 0.977
0.734 1.028 0.834 1.168
0.689 1.379 0.752 1.504

These tests, through further development and more
extensive application, could be valuable tools not only for
testing, but also for interpreting, or even predicting, the
thermodynamic behavior of solid solutions.

NOTATION

A,B constants of the Van Laar equation

i

AC: difference between liquid and solid phase molal
heat capacity of component i

AH,, = heat of fusion of component ¢

F = Gibbs free energy

n:« = number of moles of component i

p:* = vapor pressure of component i

p = pressure

R = gas constant

S = molal entropy

Sy = total entropy

Sy = entropy of mixing

$* = regular solution entropy of mixing

$§% = excess entropy of mixing

T = absolute temperature

T«* = melting temperature of component i

V = molal volume

V., = total volume

V. = volume change on mixing

x; = mole fraction component i in solid phase

y+ = mole fraction component i in liquid phase

z; = mole fraction component { in vapor phase

Greek Letters
activity coefficient of component ¢ in the solid

ys =
phase
I, = activity coefficient of component i in the liquid
phase
r’/ = product of vapor phase activity coefficient and
fugacity ratio of component i
pi = chemical potential of component i
9, = defined by equation
7 Lot (155 ) a0 (71
exp { T AH, (1 T +aC \T—-T,
T
— Thn — ) ] }
T
7 = total pressure
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